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t.ec/-wcll-Inne-rPrdt
Recall

•We based our idea of a €1m on 112h

→ but 112
" has more stuff !

(€☒
,
É

,
É )

•Really these come from the same thing !



Def: Let V be IR us. Then an inner-p-w.at an N

is a bilinear firm

2-
,
-7 : Vxv -0112

St 1) (×
,y
) = 4.x) V-xiyevcsymme.tn )

2) (x, ✗7 ≥

(and = a iff ✗= Q )
("positive definite

"

)



ex) vi. with Ciri> ==Édot product
"

Deft: An i⇔E on a G- vatu space Vis

a function

C-
,
-7 :WV -06 st

1) (- ,-) is ler in first slot

( ( tix ,+Xi , = 1,1×1×3> + (Kis) )
2) C- , -) isi

- in second slot



( ( × . ,
d.✗ itxss) : Ian ,

xD + IX. ×,>)

3) Lxii : -1¥

4) (xx) ≥0_

FG : why do we know G. ×> c-1¥
and =-0 iff ✗ = 0_

exlv :&
"

2.8.13> = ÉñBi
i. i



whutdoesthsgiuus.DE/--:i1LetVbe either IR or G-us and bet

2- , -7 be anit on V.

Say viii. are gunol if
I vi.u) = -0

ii) say a set S ≤V isÉ if
CON )Vx

,yes



I ✗=yLay > = § o ✗* y

iii) Define the .h of ✗ c-V to be

11×11=57×7
ex) V. IR

"

( ) the standard basis is ON

Prof: suppose f- Cu . . .vn )
call these an non-zero)

is anÉ set
.
Then

S is also Édent

Pf) Suppose C for G- E. c- IF



Apply 2-
,
v.) to both sides

,
ie

( Gut - - + cave
,
4) = ( 0,47=0

in

414,4> + al¥)t - t.us#Vi)
⇒ C. =D

• Repent with Vi

vectors
• So OgoÉ are me

. They can be even nicer,

Def: say 8:(v. .vn) are an EE -basis

of V if

1) it's a
basis



2) it's an ON set

D :(v. - Vn)

Prof: suppose ^ is anÉ - of V

Then for any
well we have

w=Éi:
i-=\

A) We know that Wiant - +cnn.tw a- one#

Again , apply ↳ V:) to both sides
.

then (wit ) : Kant - it Cnvn , Vi )
= Gsk

,
Vi)t GUV;) t.it Ch↳ 4-7



= G. (Viii) = (i

Thing . V an inner-product space , then V has an

Orthonormal - basis

Pt) Google
"

Imit
"



Something else an inner-product lets us do is remove

our dependence on choosing a basis
.

Def: w≤V. Define thewt-E.to k

WE {will I swiw) :O twoW }

Prof: For well we have

V.W⊕



Moreover ⑥1)
'
-

= W

Pt) Suppose vewnw! Then
(v.v > =D

Now let veV arbitrary . Write

Twin return to this after class is done
,

Wi - - Wn be ON basis for V.

Define the map



P
.

: V -> V by Pat.
É<Ywi> in:
i:\

Then note that imp ≤ W and in fact

imP=W since Pcw:) : Wi for each basis vector
.

Now we claim kerP=Wᵗ
.
Indeed

Korpi {vev I ÉCYW:)wi= of
= § vav / LYWI>= 0 Kiwi ( since Wi an LI)}
= { VEV / Lyw) :O V-wc.lv since Wi are basis}

= Wt



Than the rank -nullity than tells us that

dmv : dom IMP) tdomlkercp))

= dmlwlt dm (wt)

= > ✓ = Wtwt

%
What this avoids is having to choose an extension of my basis

of W .
Ie there is a

"
canonical

"

complimentary subspace
for W



lWÉHt↳ :

V be either a IR or 6 inner pmlrut space
Then we have a map

9 : V- v
't

v-o

•When V is IR- vs this is

Vis G- us this is ant (YA .
v. tu ) :B ,

cultSan)



Thing : This map Yiv
-N* is aÉ

when V is fink dimensional .

Pt) Skip Lal /
"" says that any lmwr functional

Oflwl:(ugv)

⇒msn.ua ↳ a:i:÷÷::;;;;
V≈V* Chen V is B-us )

This will allow us to identify V with V*
as we

did before with V and ✓**



→ linear
map on -V can now h thought d-

v v

)
as being on ( * " Is

Detthrmi Let U k fd inner-product space
"
"

and Tiv→ V
, linear , then 7 ! knew

map

f-* i. V-N

st-w-v.tw?v-uwoV
(this map is called the

"adjoint
"

of T )



My dual map

PH VI> V* V*É>V
v- > ↳v7 -> 4TH ,v)-> the unique ✓

' St

*

ellw) iGTw,v)
(Tl- ) ,V7

= ( -, v
')

dew) = (w, v
')

"

1-* (v) : V1 d-win :(w ,t*w)

(Tew),v) :
Lw ,
Mv)) ?⃝

Mine this is linear !
]



Thy : Tik>V dinar and Dilli- un) orthonormal

then 1T¥ :É

PHHW

(Hnd : Let Tlv:) = Éaiivj )Iii

Compute {Tui
, Vj )

(if 1-me
,
do below)



Prof
'

, let 5 ,TiV→V knew and self (eitherRic )

Then 1) ( Stt ) * = 5- + 1-
*

exc 27 Cos)* :{ s*

3) ( s.TT#--T*os*

are 4) (F)
*
i s

chat 5) det# = dÑ



Pt) 1) +Thud
,
W)

"

( Slv) + Tcu)
,
W)

I 1

(SH
,
W) + (Taw) = ( v

,
54W)) 1- ( v

, 1-
*
Cws)

= ( y
5*1wit 1-*Cw))

= (v , @
☒
+ 1-
*Kw))

=> (Stt)
*
: ☒+1-*

3) ( STH
,
W) = RTN ) , s*w)

= ( v , 1-
*5%7)



(A)
*
= 1-

*s*


